We evaluate the Wightman function, the mean field squared and the vacuum expectation value (VEV) of the energy-momentum tensor for a scalar field with Robin boundary condition on a spherical shell in the background of a constant negative curvature space. For the coefficient in the boundary condition there is a critical value above which the scalar vacuum becomes unstable. In both interior and exterior regions, the VEVs are decomposed into the boundary-free and sphere-induced contributions. For the latter, rapidly convergent integral representations are provided. In the region inside the sphere, the eigenvalues are expressed in terms of the zeros of the combination of the associated Legendre function and its derivative and the decomposition is achieved by making use of the Abel-Plana type summation formula for the series over these zeros. The sphere-induced contribution to the VEV of the field squared is negative for Dirichlet boundary condition and positive for Neumann one. At distances from the sphere larger than the curvature scale of the background space the suppression of the vacuum fluctuations in the gravitational field corresponding to the negative curvature space is stronger compared with the case of the Minkowskian bulk. In particular, the decay of the VEVs with the distance is exponential for both massive and massless fields. The corresponding results are generalized for spaces with spherical bubbles and for cosmological models with negative curvature spaces.
Introduction
In the absence of a reliable theory for quantum gravity, the influence of the gravitational field on quantum matter is investigated within the framework of semiclassical theory. In the latter, the gravitational field is considered as the classical background and the back reaction of quantum effects is described by quasiclassical Einstein equations with the expectation value of the energymomentum tensor for quantum fields in the right-hand side (for reviews see [1] - [3] ). Among the most interesting effects in this field are the particle production and the vacuum polarization by strong gravitational fields. A well known example is the thermal radiation emitted by black holes.
The investigation of quantum effects in curved backgrounds is motivated by several reasons. During the cosmological expansion of the Universe, the back reaction of the particles created by a time dependent gravitational field at early stages leads to a rapid isotropization of the expansion. According to the inflationary scenario, the quantum vacuum fluctuations of a scalar field, amplified by the gravitational field during the quasi-de Sitter like expansion, serve as seeds for the large scale structure formation in the Universe [4] . The information on the properties of these fluctuations are encoded in the thermal anisotropies of the cosmic microwave background which are measured with high accuracy by a number of recent cosmological projects. An important feature of quantum field theory in curved backgrounds is a possible breakdown of the energy conditions in the formulations of Hawking-Penrose singularity theorems, by the expectation value of the energy-momentum tensor of quantum fields. This opens a possibility to solve the singularity problem within the framework of classical general relativity. An additional motivation for the study of quantum field theoretical effects in curved backgrounds appeared recently in condensed matter physics related to various analog models. In particular, the long wavelength properties of the electronic subsystem in a graphene sheet are well described by the Dirac-like model with the speed of light replaced by the Fermi velocity. In curved graphene structures (for example, in fullerenes) the corresponding field theory is formulated on curved geometry and the curvature effects should be taken into account in the calculations of physical properties of these structures [5, 6] .
A large number of problems, in addition to the curvature of the background spacetime, involve boundaries on which the operator of a quantum field obeys prescribed boundary conditions. The physical nature of the boundaries can be different. The examples are macroscopic bodies in QED, edges of graphene sheets in nanoribbons, interfaces separating different phases of a physical system, horizons in gravitational physics, the branes in higher-dimensional fieldtheoretical models. Among the most interesting macroscopic manifestations of the influence of boundaries on the properties of a quantum field is the Casimir effect (see Refs. [7, 8] ). It arises as a consequence of the modification of the quantum fluctuations spectrum by the boundary conditions imposed on the field. As a result of this, the expectation values of physical observables are changed and forces arise acting on the constraining boundaries. The effect for scalar, fermionic and vector fields is investigated in various bulk and boundary geometries and for various types of boundary conditions. An interesting topic in the investigations of the Casimir effect is the dependence of the physical characteristics of the vacuum, like the energy density and stresses, on the geometry of the background spacetime. The evaluation of these characteristics requires the knowledge of a complete set of modes for a quantum field and exact results can be provided for highly symmetric bulk and boundary geometries only. In particular, motivated by the problems of the radion stabilization and the cosmological constant generation in braneworld models, the Casimir effect for planar boundaries in anti-de Sitter space has been widely discussed [9] . Higherdimensional generalizations of the anti-de Sitter background having compact internal spaces have been considered as well [10] . Another class of exactly solvable Casimir problems corresponds to de Sitter spacetime. Various geometries of boundaries in this background have been considered [11] . In inflationary coordinates the corresponding metric is time-dependent and, in general, in addition to the diagonal component, the vacuum energy-momentum tensor has a nonzero offdiagonal component that describes an energy flux along the direction normal to the boundary. The Casimir effect for the electromagnetic field in the geometry of parallel conducting plates in Friedmann-Robertson-Walker cosmologies with flat spatial sections and with power-law scale factors is discussed in [12] .
In the present paper we consider the change in the properties of the scalar vacuum induced by a spherical shell with Robin boundary condition on the background of a negatively curved constant curvature space. Historically, the investigation of the Casimir effect with a spherical boundary was motivated by the semiclassical model of an electron [13] , where the vacuum quantum fluctuations of the electromagnetic field are responsible for Poincaré stress stabilizing the charged particle. Currently the configurations involving spherical boundaries are among the most popular ones in both the theoretical and experimental investigations of the Casimir effect (see [7, 8] and references therein). Here, we are interested in combined effects of the gravitational field and spherical boundary on the local characteristics of the scalar vacuum. We shall consider a free field theory and in this case all the properties of the vacuum state are obtained from two-point functions. Our choice of the positive-frequency Wightman function is motivated by the fact that this function will also determine the response of a Unruh-De Witt detector (see, for instance, [1] ). As local characteristics of the vacuum state we shall investigate the vacuum expectation values (VEVs) of the field squared and the energy-momentum tensor. The latter serves as a source in the right-hand side of semiclassical Einstein equations and plays an important role in considerations of the back-reaction from quantum effects on the background geometry.
The paper is organized as follows. In Section 2, we describe the bulk and boundary geometries. The positive-frequency Wightman function is evaluated for the boundary-free space, inside and outside a spherical boundary. By making use of this function, in Section 3, the sphere-induced contribution in the VEV of the field squared is evaluated and its properties are investigated in asymptotic regions of the parameters. The VEV of the energy-momentum tensor is studied in Section 4 for the both interior and exterior regions. In Section 5, we consider the background spacetime with the geometry described by distinct metric tensors inside and outside a spherical boundary. Two cases are investigated. In the first one the interior geometry is described by a general spherically symmetric static metric and the exterior metric corresponds to a constant negative curvature space. An example is considered with an interior Minkowskian geometry. In the second case, a constant curvature space is realized in the interior region whereas the exterior geometry is the Minkowski one. The main results are summarized in Section 6. For the interior geometry with a negative constant curvature space, the eigenmodes of a quantum scalar field with Robin boundary condition are expressed in terms of the zeros of the associated Legendre function with respect to its order. In appendix A, we discuss the properties of these zeros. The expression of the Wightman function inside the spherical shell contains the summation over these zeros. In appendix B, by making use of the generalized Abel-Plana formula, a summation formula is derived for the series of this type.
Wightman function 2.1 Geometry of the problem
We consider a quantum scalar field ϕ(x) with the curvature coupling parameter ξ. The most important special cases of this parameter ξ = 0 and ξ = ξ D = (D − 1)/(4D) correspond to minimally and conformally coupled scalars, respectively. The field equation has the form
where R is the scalar curvature for the background spacetime. The background geometry is described by the line element
with a constant a and with dΩ 2 D−1 being the line element on the (D − 1)-dimensional sphere, S D−1 . The corresponding angular coordinates we denote by (ϑ, φ) with ϑ = (θ 1 , . . . , θ n ), n = D − 2, and 0 θ k π, k = 1, . . . , n, 0 φ 2π. The spatial part of the line element (2.2) describes a constant negative curvature space. The spaces with negative curvature play a significant role in cosmology and in holographic theories. For the Ricci scalar corresponding to (2.2) one has R = −D(D − 1)/a 2 . Note that in Eq. (2.1) the curvature coupling term appears in the form of the effective mass squared m 2 − D(D − 1)ξ/a 2 . Depending on the value of the curvature coupling parameter, the latter can be either negative or positive.
Quantum effects on the background of constant curvature spaces have been widely discussed in the literature (see, for instance, [1, 2, 7, 8, 14] ). These effects play an important role in the physics of the early Universe, in inflationary models, and in a number of condensed matter systems described by effective curved geometries. Here we are interested in combined effects of the background gravitational field and boundaries on the properties of the quantum vacuum for a scalar field. As a boundary geometry we consider a spherical shell on which the field operator obeys Robin boundary condition (BC) 3) where r 0 is the sphere radius, A and B are constants, and n l is the unit inward normal to the sphere, n l = −δ (j) δ l 1 /a, j = i, e, with δ (i) = 1 for the interior region and δ (e) = −1 for the exterior region. With this, for B = 0, the BC can also be written in the form β − δ (j) ∂ r ϕ(x) = 0, r = r 0 , with the notation
Of course, all the physical results will depend on this ratio. We wrote the condition in the form (2.3) to keep the transition to special cases of Dirichlet (B = 0) and Neumann (A = 0) BCs transparent. For a free field theory all the properties of the quantum vacuum are contained in two-point functions. Here we shall consider the positive-frequency Wightman function defined as the VEV W (x, x ′ ) = 0|ϕ(x)ϕ(x ′ )|0 , where |0 stands for the vacuum state. The VEVs of physical characteristics bilinear in the field operator, such as the field squared and the energy-momentum tensor, are obtained from this function in the coincidence limit. In addition to this, the positivefrequency Wightman function determines the response function for the Unruh-De Witt particle detector in a given state of motion [1] .
Let {ϕ α (x), ϕ * α (x)} be a complete set of normalized positive-and negative-energy mode functions obeying the field equation (2.1) and the BC (2.3). Here, the collective index α is the set of quantum numbers specifying the solutions. For the problem under consideration, the positive-energy mode functions can be presented in the factorized form 5) where Y (m k ; ϑ, φ) is the spherical harmonic of degree l. For the angular quantum numbers one has l = 0, 1, 2 . . ., m k = (m 0 = l, m 1 , . . . , m n ), where m 1 , m 2 ,..., m n are integers obeying the relations 6) and −m n−1 m n m n−1 . By taking into account the equation for the spherical harmonics, 8) from the field equation (2.1) for the radial function R l (r) one gets
Introducing a new function f l (r) = sinh D/2−1 (r)R l (r), we can see that the general solution for this function is a linear combination of the associated Legendre functions of the first and second kinds, P −µ iz−1/2 (cosh r) and Q −µ iz−1/2 (cosh r) (here the definition of the associated Legendre functions follows that of Ref. [15] ) with the order and degree determined by
Here and in what follows we use the notation
The relative coefficient in the linear combination depends on the spatial region under consideration and will be determined below. Now, as a set of quantum numbers α, specifying the mode functions in Eq. (2.5), we can take α = (z, l, m 1 , . . . , m n ). The energy is expressed in terms of z by the formula
Below we shall assume that z 2 m 0. In particular, this condition is satisfied in the most important special cases of minimally and conformally coupled fields. If it is not obeyed there are modes with imaginary values of the energy which signal the vacuum instability. Note that the condition z 2 m 0 is different from the non-negativity condition for the effective mass squared
The modes (2.5) are normalized by the standard orthonormalization condition 13) where the symbol δ αα ′ is understood as Kronecker delta for discrete indices and as the Dirac delta function for continuous ones. With this normalization, the Wightman function is evaluated by using the mode-sum 14) where α stands for the summation over discrete quantum numbers and for the integration over continuous ones. In what follows, the Wightman function will be decomposed into the boundary-free and sphere-induced contributions. For that reason we first consider the boundaryfree geometry.
Wightman function in the boundary-free geometry
For the boundary-free geometry the solution of the radial equation, regular at the origin, is given in terms of the associated Legendre function of the first kind. The corresponding positive-energy mode functions have the form 15) with 0 z < ∞ and with the notations 16) From the property P
follows that the radial function in (2.15) is real. In the case z = z ′ the normalization integral (2.13), with the integration over r ∈ [0, ∞), diverges and, hence, the main contribution comes from large values r. By using the asymptotic formula for the associated Legendre function for large values of the argument, we can see that
(2.17)
With this result, for the normalization coefficient in (2.15) one finds
Here we have used the result dΩ |Y (m k ; ϑ, φ)| 2 = N (m k ) (the specific form for N (m k ) is given in Ref. [16] and will not be required in the following discussion). For D = 3, the modes (2.15) with the coefficient (2.18) reduce to the ones discussed in Refs. [2, 17] . Substituting the functions (2.15) into the mode-sum (2.14), we use the addition theorem 19) where
is the surface area of the unit sphere in D-dimensional space, C n/2 l (cos θ) is the Gegenbauer polynomial and θ is the angle between the directions determined by (ϑ, φ) and (ϑ ′ , φ ′ ). For the corresponding Wightman function we find the formula 20) with u ′ = cosh r ′ and with E(z) given by Eq. (2.12).
Wightman function inside the sphere
In the presence of a spherical shell with the radius r 0 , the mode functions for the interior region, r < r 0 , are written in the form similar to Eq. (2.15):
Imposing the BC (2.3), we see that the eigenvalues for the quantum number z are solutions of the equationP (2.22) Here and in the discussion below, for a given function F (u) we use the notation 23) with the coefficients
By using the recurrence relation for the associated Legendre function, one has an equivalent expressionP
For given r 0 and l, the equation (2.22) has an infinite set of positive roots with respect to z. We shall denote them, arranged in ascending order of magnitude, as z = z k , k = 1, 2, . . .. Note that these roots do not depend on the curvature coupling parameter and on the mass of the field. As it is discussed in appendix A, in addition to the real roots with respect to z, depending on the value of β, a purely imaginary root may appear. First we consider the case when all the roots are real. This case is realized for β < β
0 (u 0 ) (see appendix A). Substituting the mode functions (2.21) into the orthonormalization condition, with the integration over the region inside the spherical shell, for the normalization coefficient one finds
The integral is evaluated by using the integration formula
For the roots of Eq. (2.22) , z = z k , and for b = u 0 , the expression in the figure braces is equal to −P
. With this result, the normalization coefficient is written in terms of T µ (z, u), defined by Eq. (B.7) in appendix B, by the expression 28) with z = z k . Having determined the normalized mode functions, we turn to the evaluation of the Wightman function in the region inside the sphere with the help of Eq. (2.14) . Substituting the eigenfunctions, one finds
where u ′ = sinh r ′ and ∆t = t−t ′ . The roots z k are given implicitly and the representation (2.29) is not convenient for the evaluation of the VEVs of the field squared and the energy-momentum tensor. Additionally, the terms with large k are highly oscillatory. Both these difficulties are avoided by applying to the series over k the summation formula (B.4) with the function
The corresponding conditions are obeyed if r + r ′ + ∆t/a < 2r 0 . Note that the function (2.30) has branch points z = ±iz m .
The part in the Wightman function obtained from the first integral in the right-hand side of Eq. (B.4) coincides with the boundary-free function W 0 (x, x ′ ). In the second integral, the part over the interval (0, z m ) vanishes and for the Wightman function we find
where for the sphere-induced part one has
(2.32)
In deriving this formula we have used the relation [15] (2.33) for the associated Legendre function. Formula (2.32) provides our final expression for the sphereinduced part of the Wightman function in the interior region. In this form the knowledge of the roots z k is not required and for r + r ′ + ∆t/a < 2r 0 the integrand exponentially decays in the upper limit. In the special case D = 3 and for Dirichlet BC, by taking into account Eq. (2.33), we see that Eq. (2.32) is reduced to the expression given in Ref. [18] . We have considered the case when all the zeros z k of the functionP
As it is noticed in appendix A, for given r 0 and l, started from some critical value of β, for β > β (1) l (cosh r 0 ), a single purely imaginary zero z = iη l , η l > 0, appears. This zero first appears for the angular mode l = 0 and, hence, for a given r 0 the purely imaginary zeros are absent if β < β (1) 0 (cosh r 0 ). In order to have a stable vacuum state we assume that E(iη l ) > 0 or η l < z m . In the left panel of figure 1 , for the spatial dimension D = 3, we have plotted the critical value β (1) l (cosh r 0 ) for the Robin coefficient, at which the purely imaginary zero appears, as a function of the sphere radius r 0 for l = 0, 1, 5 (the numbers near the curves).
In the presence of the imaginary eigenmode, the corresponding contribution in the Wightman function should be added to the expression (2.29) . This contribution is evaluated in a way similar to that we have used for the modes with real z and has the form
In the part of the Wightman function corresponding to the contribution of the modes with real z, given by Eq. (2.29), again we apply the summation formula (B.4). But now, as it is explained in appendix A, in the right-hand side of this formula we should add the term (B.10). By taking into account the expression (2.30) for the function h(z), we can see that this term exactly cancels the contribution (2.34). Hence, the expression for the Wightman function given by Eq. (2.32) is also valid in the presence of the purely imaginary zeros for the functionP
As an additional check of Eq. (2.32) let us consider the Minkowskian limit which corresponds to large values of a with fixed ar = ρ, where ρ is the Minkowskian radial coordinate. Firstly we introduce in Eq. (2.32) a new integration variable y = z/a and then use the asymptotic formulae valid for ν ≫ 1. By taking also into account that for large a one has z m = am, we can see that from Eq. (2.32) the expression for the Wightman function is obtained inside a Robin sphere in Minkowski spacetime with the radius ρ 0 = ar 0 (see Ref. [19] ).
Exterior region
In the region outside the sphere, r > r 0 , the radial part of the mode functions is a linear combination of the two linear independent solution of the Legendre equation. As such solutions it is convenient to take the functions Q
The relative coefficient of the linear combination of this functions is determined from the BC (2.3) and the mode functions are written in the form 2.36) where, as before, u = cosh r, and
The notation with the bar is defined by Eq. (2.23) with the coefficients given in Eq. (2.24) . In addition to the modes with real z, depending on the values of the coefficients in Robin BC, the modes can be present with purely imaginary z. These modes correspond to bound states. First we consider the case when the bound states are absent. From the normalization condition (2.13), for the modes (2.36) we have
The u-integral diverges in the upper limit for z = z ′ and, hence, the main contribution comes from large values u. So, we can replace the associated Legendre functions with the arguments u by their asymptotic expressions for large values of the argument. To find this asymptotic we use the expression of the associated Legendre function in terms of the hypergeometric function,
From here, for large values u to the leading order we find
Substituting this asymptotic into the integral (2.38), for the normalization coefficient one finds
where
By using the mode functions (2.36) with the normalization coefficient (2.41), from the modesum formula (2.14) for the Wightman function in the exterior region we find
Introducing instead of the function Q −µ −iz−1/2 (u) the function P −µ iz−1/2 (u) and using the properties of the gamma function, the Wightman function is also presented in the form
Here we are interested in the part of the Wightman function induced by the spherical shell. To obtain this contribution we subtract from the function (2.44) the Wightman function for the geometry without boundaries which is given by Eq. (2.20) . For the further evaluation of the difference we use the identity
Substituting this in the expression for the part of the Wightman function induced by the sphere, we rotate the integration contour over z by the angle π/2 for the term with s = −1 and by the angle −π/2 for the term with s = 1. This leads to the following result:
with the notation 
. Now, let us turn to the case when bound states are present. For these states z = iη, η > 0, and the mode functions are given by the expression 2.49) with the energy E(iη) = a −1 z 2 m − η 2 . In order to have a stable vacuum state we assume that η < z m . From the BC (2.3) we see that, for a given r 0 , the possible bound states are solutions of the equationQ 
In order to find the normalization coefficient in Eq. (2.49) we use the integration formula
This formula is obtained by making use of the differential equation for the associated Legendre function. For the roots of Eq. (2.50) from Eq. (2.51) we get
By using this result, the normalization coefficient for the bound states is presented in the form
With this coefficient, for the contribution of the bound states to the Wightman function one gets
In the presence of the bound states, the contribution to the Wightman function from the modes with real z is still given by Eq. (2.44). Again, for this expression we use the identity (2.46). The difference from the previous case arises at the step when one rotates the integration contour over z. Now, the integrands have simple poles on the imaginary axis corresponding to the zeros of the functionsQ −µ siz−1/2 (u 0 ) in the denominator of Eq. (2.46). Rotating the integration contours for the terms with s = −1 and s = 1, we escape these poles by semicircles of small radius in the right-half plane. The integrals over these semicircles combine in the residue at the point z = e πi/2 η (b)l . As a result, for the part in the Wightman function coming from the modes with real z we get the expression (2.47) plus the contribution coming from the residue at the pole z = e πi/2 η (b)l . Now, it can be seen that the latter is exactly canceled by the contribution from the bound state, given by Eq. (2.54). Hence, we conclude that the expression (2.47) for the shell-induced Wightman function in the exterior region is valid in the presence of bound states as well.
Similarly to the case of the interior region, we can see that in the limit a → ∞ from (2.47) the corresponding expression is obtained for the sphere in Minkowski spacetime.
VEV of the field squared
Among the most important local characteristics of the vacuum state are the VEVs of the field squared and the energy-momentum tensor. We start with the mean field squared. It is obtained from the Wightman function in the coincidence limit of the arguments. This limit is divergent and a renormalization procedure is required. In curved backgrounds the structure of divergences is determined by the local geometry. In the problem under consideration, for points away from the sphere, the local geometry is the same as in the boundary-free case and, hence, the divergences in the local physical characteristics are the same as well. From here it follows that the renormalization procedure for these characteristics is the same as that in the boundary-free geometry. In the expressions given above for the both interior and exterior regions we have explicitly decomposed the Wightman function into the boundary-free and sphere-induced parts. For points outside the sphere, the renormalization is needed for the boundary-free VEVs only and the sphere-induced parts are directly obtained from the corresponding Wigthman function in the coincidence limit.
For the renormalized mean field squared we get 1) where ϕ 2 0 is the renormalized VEV in the boundary-free space and the part ϕ 2 s is induced by the sphere. For the latter, by taking into account that C n/2 l
, in the interior region from Eq. (2.32) one finds
is the degeneracy of the angular mode with given l. For the functions in the integrand, we have numerically checked that e −iµπQ µ z−1/2 (u 0 ) > 0 in both special cases of Dirichlet and Neumann BCs, whereasP
z−1/2 (u 0 ) < 0 for Neumann one. Consequently, the sphere-induced VEV of the field squared is negative for Dirichlet BC and positive for Neumann BC.
By using the asymptotic formulas 4) valid for z ≫ 1, we see that the integrand behaves as e 2z(r−r 0 ) /z. Hence, the sphere-induced VEV (3.2) diverges on the boundary. In order to find the leading term in the asymptotic expansion over the distance from the sphere, we note that for points close to the boundary the dominant contribution in Eq. (3.2) comes from large values of z and l. In this case, instead of Eq. (3.4) , we need to use the uniform asymptotic expansions for the associated Legendre functions for large values of both z and µ. The latter can be obtained from Eq. (2.35) by making use of the uniform asymptotic expansions for the modified Bessel functions (see, for instance, Ref. [15] ). In this way, to the leading order, we get 5) with δ B = 2δ 0B − 1. As is seen, near the sphere the boundary-induced VEV has opposite signs for Dirichlet and non-Dirichlet BCs. By taking into account that a(r 0 − r) is the proper distance from the sphere, we see that the leading term coincides with that for the sphere in Minkowski bulk. Of course, this is natural, because near the sphere the contribution of the modes with the wavelengths smaller than the curvature radius dominate and they are relatively insensitive to the background geometry. At the sphere center, by taking into account the asymptotic p
for r → 0, we see that the l = 0 mode contributes only:
. (3.6) Near the center the contribution of the modes with higher l decays as r 2l . Note that Eq. (3.6) is further simplified for D = 3. By taking into account the formulas
we obtainQ
Hence, for D = 3, Eq. (3.6) is reduced to 9) with z 2 m = m 2 a 2 + 1 − 6ξ. In the discussion below we shall also need the covariant Dalambertian of the boundaryinduced part:
(3.10)
In this formula we have introduced the function
In the second expression, in order to exclude the second order derivative, we have used the differential equation obeyed by the function p −µ z−1/2 (u). In the exterior region, the shell-induced contribution in the VEV of the field squared is obtained from Eq. (2.47) in the coincidence limit:
This quantity is negative for Dirichlet BC and positive for Neumann BC. For points near the sphere, the leading term in the asymptotic expansion of this VEV is given by Eq. (3.5) with r 0 − r replaced by r − r 0 . In this limit, the effects of the background gravitational field are small. The curvature effects are crucial at distances from the sphere larger than the curvature radius of the background space. This corresponds to the limit of large r with a fixed value of the sphere radius r 0 . For r ≫ 1 we use the approximate formula
(3.13)
With this asymptotic, the dominant contribution in the integral of Eq. (3.12) comes from the region near the lower limit of the integration. For z m > 0, assuming that z m r ≫ 1, to the leading order we get
14)
The boundary-induced VEV is exponentially small and the suppression factor depends on the curvature coupling parameter. For z m = 0 the leading term in the asymptotic expansion at large distance takes the form 15) In this case the decay is weaker, though, again exponential. In particular, for both minimally and conformally coupled massless scalars the suppression of the boundary induced VEVs at large distances is exponential. For a spherical boundary in Minkowski bulk and for a massive field the VEV at large distances is suppressed by the factor e −2mρ with ρ being the Minkowskian radial coordinate. In this case the suppression factor does not depend on the curvature coupling. For a massless field in Minkowski spacetime, the dominant contribution at large distances comes from the angular mode l = 0 and the decay of the VEV is of power-law, like 1/ρ 2D−3 for D 3. This shows that the suppression of the vacuum fluctuations in the gravitational field corresponding to the negative curvature space is stronger compared with the case of the Minkowskian bulk. A similar feature is observed in the geometry of planar boundaries on anti-de Sitter bulk (see Ref. [9] ), then yielding another example of a negative curvature space. For de Sitter geometry, having a positive curvature, the situation is essentially different: the boundary-induced contributions in the local VEVs decay at large distances as a power-law for both massive and massless fields.
Energy-momentum tensor
For the evaluation of the VEV of the energy-momentum tensor we use the formula
where R ik is the Ricci tensor. For the geometry under consideration one has (no summation over p) R p p = −(D − 1)/a 2 for p = 1, . . . , D, and the remaining components vanish. In the right-hand side of Eq. (4.1) we have used the expression for the energy-momentum tensor for a scalar field which differs from the standard one by the term which vanishes on the solutions of the field equation and does not contribute to the boundary-induced VEV (see Ref. [20] ).
By taking into account the expressions for the Wightman function and for the VEV of the field squared from the previous section, the vacuum energy-momentum tensor is presented in the decomposed form 2) where the first and second terms in the right-hand side correspond to the boundary-free and sphere-induced contributions. Again, for points away the sphere, the renormalization is needed for the first term only. In the interior region, after straightforward calculations, we find that the VEV of the energymomentum tensor is diagonal with the components (no summation over k)
where we have introduced the notations
with F [f (u)] defined in Eq. (3.11) and k = 2, 3, . . . , D in the last expression. We can check that the part in the VEV of the energy-momentum tensor induced by the spherical shell satisfies the covariant conservation equation ∇ k T k i s = 0, which for the geometry under consideration takes the form
In addition, it can be seen that the boundary-induced parts in the VEVs satisfy the trace relation
In particular, for a conformally coupled massless scalar field the boundary-induced part in the VEV of the energy-momentum tensor is traceless. The trace anomalies are contained in the boundary-free part.
The sphere-induced contribution in the VEV of the energy-momentum tensor diverges on the boundary. The leading terms in the expansion over the distance from the sphere for the energy density and parallel stresses are found in a way similar to that we have used for the field squared. They are given by (no summation over k) (4.7) for the components k = 0, 2, . . .. Again, these leading terms coincide with those for a sphere in the Minkowski bulk. The leading term for the radial stress vanishes and the next to the leading terms in the relations (2.35) should be kept. Easier way is to use the continuity equation (4.5) with the result (4.8) with T 0 0 s from Eq. (4.7). At the sphere center the terms with l = 0 and l = 1 contribute only and one has (no summation over k) 9) where (4.10) and For the shell-induced contribution in the VEV of the energy-momentum tensor in the exterior region, r > r 0 , we get
(4.12)
For points near the sphere the corresponding asymptotic for the energy density and parallel stresses are given by Eq. (4.7) with the replacement (r 0 − r) → (r − r 0 ). Hence, for a nonconformally coupled field, near the boundary these components have the same sign in the exterior and interior regions. For the radial stress we have the same relation (4.8) and for a nonconformally coupled field it has opposite signs inside and outside the sphere. Now we turn to the asymptotic behavior of the vacuum energy-momentum tensor at large distances from the sphere. In this limit we use Eq. (3.13). The dominant contribution to the integral in Eq. (4.12) comes form the region near the lower limit. For z m > 0, to the leading order we get (no summation over k) 13) where we have defined the functions 14) and
For minimally and conformally coupled fields F (0) (z) < 0 and from Eq. (4.13) it follows that the sphere-induced contribution to the vacuum energy of these fields is negative for Dirichlet BC and positive for Neumann BC. For z m = 0, the leading term in the asymptotic expansion at large distances has the form (no summation over k) 4.15) with the coefficients (4.16) and with k = 2, . . . , D in the last expression. In this case, for non-conformally coupled fields one has | T 1 1 s | ≫ | T 0 0 s |. Again, at large distances we have an exponential suppression for both massive and massless fields. For minimally and conformally coupled fields the energy density corresponding to Eq. (4.15) is negative for Dirichlet BC and positive for Neumann one. Note that for a sphere in Minkowski bulk the Casimir densities for massive fields are suppressed by the factor e −2mρ . For non-conformally coupled massless fields, at large distances the contribution of the l = 0 mode dominates and all the diagonal components of the vacuum energy-momentum tensor in Minkowski bulk are of the same order. In this case the VEVs decay as 1/ρ 2D−1 for D 3 and as 1/(ρ 3 ln ρ) for D = 2 (see Ref. [19] ).
In figure 2 , for a minimally coupled massless field, we have plotted the sphere-induced contribution in the vacuum energy density inside (left panel) and outside (right panel) the D = 3 spherical shell versus the radial coordinate r for the values of the radius r 0 = 1, 1.5, 2 (numbers near the curves). The full/dashed curves correspond to Dirichlet/Neumann BCs.
In figure 3 , the sphere-induced contribution in the vacuum energy is displayed as a function of the parameter β in Robin BC for fixed value of r (numbers near the curves) and for D = 3 sphere with the radius r 0 = 2. Again, the graphs are plotted for a minimally coupled massless field.
Here we have considered the VEV of the bulk energy-momentum tensor. On manifolds with boundaries and for a scalar field with Robin BC there is also a surface energy-momentum tensor located on the boundary. In the general case of bulk and boundary geometries the expression for the latter is given in Ref. [20] (see also the discussion in Ref. [23] ). The VEV of the surface energy-momentum tensor can be evaluated by making use of the corresponding mode-sum with the eigenfunctions given above. However, in this case the renormalization procedure is not reduced to the one in the boundary-free space and additional subtractions are necessary. This procedure can be realized, for example, by using the generalized zeta function technique and will be discussed elsewhere with the total Casimir energy.
For a conformally coupled massless scalar field, the generalization of the the results given above for the Friedmann-Robertson-Walker backgrounds, described by Eq. (2.2) with a timedependent scale factor a = a(t), is straightforward. For that, in the expressions for the Wightman function and for the VEVs of the field squared and the energy-momentum tensor one should make the replacement a → a(t). For non-conformally coupled fields the problem is more complicated. In particular, similar to the case of de Sitter background, we expect that in addition to the diagonal components, the vacuum energy-momentum tensor will have an off-diagonal component describing the energy flux along the radial direction.
Casimir densities induced by spherical bubbles
In this section we consider the background spacetime with the geometry described by distinct metric tensors inside and outside a spherical boundary. The interior and exterior gravitational backgrounds may correspond to different vacuum states of a physical system. In this case the sphere serves as a thin-wall approximation of a domain wall interpolating between two coexisting vacua [21] . In what follows we shall refer the interior region as a bubble.
Bubble in a constant curvature space
First we consider the geometry described by the line element (2.2) in the region r > r 0 and by 1) in the region r < r 0 , assuming that the corresponding metric tensor is regular. For generality, the presence of the surface energy-momentum tensor with nonzero components τ 0 0 and τ 2 2 = · · · = τ D D , located at r = r 0 , will be assumed. The continuity of the metric tensor at the separating boundary gives u(r 0 ) = 0, v(r 0 ) = 0, w(r 0 ) = ln(sinh r 0 ). (5.2) From the Israel matching conditions on the sphere r = r 0 we get (no summation over k = 2, 3, . . . , D)
where G is the gravitational constant. For the trace of the surface energy-momentum tensor one has 8πG
A general problem for the Casimir densities in spherically symmetric spaces with bubbles is considered in Ref. [22] . In that paper the exterior metric was assumed to be asymptotically flat. The latter is not the case for the problem under consideration. However, the main steps for the evaluation are similar and we omit the details. The mode functions for a scalar field in the interior and exterior regions are presented in the form (2.5) . We denote the regular solution of the equation for the radial function in the interior region by R (i) l (r, E) taking it being real. By taking into account that the energy appears in the equation for the radial function in the form E 2 , we shall also assume that
For the radial function in the exterior region one has
The radial functions are continous at r = r 0 and for their derivatives one has the jump condition [22] 
This jump comes from the delta function term in the field equation (2.1) contained in the Ricci scalar. From these matching conditions, for the radial functions in the geometry at hand one gets
where 8) and
In Eq. (5.8), the notation with hat is defined aŝ 10) where R ′ (i) l (r 0 , E) = ∂ r R (i) l (r, E)| r=r 0 , and 11) with W {f (u), g(u)} being the Wronskian for the enclosed functions. In the normalization condition, similar to Eq. (2.13), the integration goes over the both interior and exterior regions. However, the dominant contribution comes from large values of r. By using the asymptotic for the associated Legendre function, similar to the case of the region outside a spherical boundary with Robin BC, one gets
(5.12)
Now substituting the exterior mode functions with the normalization coefficient (5.12) into the mode-sum for the Wightman function, in the exterior region we get the formula 13) with the function
In deriving Eq. (5.13) we have used the relation
Now by comparing Eq. (5.13) with the expression (2.44) for the corresponding function outside the Robin sphere, we see that Eq. (5.13) differs from Eq. (2.44) by the replacement
The further evaluation of the Wightman function is similar to that we have given in section 2 for the exterior region. The only difference is that, after using the identity (2.46) in the integral representation (2.44) , in the rotation of the contours of the integrations we should take into account that now the effective Robin coefficient depends on z through E = E(z) (see Eq. (5.16)). Because of our choice of the interior radial function, the logarithmic derivative in Eq. (5.16 ) is an even function of the energy and the dependence on z gives no additional difficulties in the evaluation process. As a result, the bubble-induced part in the Wightman function is given by Eq. (2.47) where now, in the notation (2.23), we should make the replacement 17) where the second term in the right-hand side is given by Eq. (5.4) . With the same replacement in Eqs. (3.12) and (4.12), we obtain the VEVs of the field squared and the energy-momentum tensor. Similar to the case of the Robin sphere, in the geometry of the bubble under consideration, the VEVs of the field squared and the energy-momentum tensor diverge on the separating boundary. It can be seen that (see also Ref. [22] ), because of the dependence of the effective Robin coefficient in Eq. (5.17) on the integration variable z, the leading terms in the asymptotic expansion of the VEVs over the distance from the boundary vanish and the divergences are weaker compared to the case of the Robin sphere. In particular, the VEV of the field squared diverges as (r − r 0 ) 2−D and the energy density behaves as (r − r 0 ) −D .
As a simple application of the general results, consider a bubble with the Minkowskian interior with the functions v(r) = 0 and w(r) = ln r in Eq. (5.1). For the surface energy density one finds τ 18) and for the stresses we get (no summation over
. Note that −1 < 1/r 0 − coth r 0 0 for ∞ > r 0 0 and the corresponding energy density is always negative. In this special case for the regular radial function in the interior region one has 19) with J ν (x) being the Bessel function. Hence, the Casimir densities in the region r > r 0 , induced by the interior Minkowskian geometry are given by Eqs. (3.12) and (4.12) , making the replacement 20) with the notation 21) and with the modified Bessel function I ν (x). For the example of a minimally coupled massless scalar field we have checked that there are no bound states in the geometry under consideration.
Bubble of a constant curvature in Minkowski spacetime
Now we consider a background geometry with the line element (2.2) in the region r < r 0 and with the Minkowskian spacetime in the region r > r 0 . The components of the surface energymomentum tensor are given by Eq. (5.18) with the opposite signs. In particular, the corresponding energy density is always positive. The Casimir densities in the exterior region are obtained from the general results of Ref. [22] for the special interior geometry under consideration. For the Wightman function one has the decomposition 22) where W M (x, x ′ ) is the Wightman function in the Minkowski spacetime and the part 23) is induced by the constant curvature bubble. In Eq. (5.23), we have defined the notatioñ (5.25) Note that under the condition z 2 m 0 the function w(z) is real and the Minkowskian vacuum in the exterior region is stable. The corresponding Casimir densities in the exterior region are obtained from the expressions in Ref. [22] by the replacementsF (y) →F (y, z) with Eq. (5.24) and F = I l+n/2 , K l+n/2 .
Conclusion
We have investigated the properties of the scalar vacuum in a constant negative curvature space induced by a spherical boundary on which the field operator obeys Robin BC. General values of the spatial dimension and of the curvature coupling parameter are considered. For the coefficient in the Robin BC there is a critical value above which the scalar vacuum becomes unstable. The properties of the quantum vacuum are encoded in two-point functions. We have considered the positive-frequency Wightman function and the other function can be evaluated in a similar way. In order to evaluate the Wightman function we employed the direct summation over the complete set of modes. In the region inside the sphere, the eigenmodes of the field are expressed in terms of the zeros of the combination of the associated Legendre function and its derivative with respect to the order (see Eq. (2.22)). In the mode-sum for the Wightman function, for the summation of the series over these zeros we have used the formula (B.4), derived from the generalized Abel-Plana formula. This allowed us to separate the part corresponding to the boundary-free geometry and to present the sphere-induced part in terms of a rapidly convergent integral. In this form the explicit knowledge of the eignemodes is not required. In addition, with the decomposition into the boundary-free and boundary-induced contributions, the renormalization of the VEVs in the coincidence limit is reduced to the one for the boundary-free geometry. We have provided a similar decomposition for the exterior region as well.
As an important local characteristic of the vacuum state, in section 3 we consider the VEV of the field squared. The corresponding expressions for the sphere-induced parts in the interior and exterior regions are given by Eqs. (3.2) and (3.12) . These parts are negative for Dirichlet BC and positive for Neumann BC. The VEV of the field squared diverges on the boundary. The leading term in the asymptotic expansion over the distance from the sphere is given by Eq. (3.5) and coincides with that for a sphere in Minkowski bulk. In this limit the dominant contribution comes from the wavelengths smaller than the curvature radius of the background and the effects of the gravitational field are small. In the opposite limit of large distances, the effects of gravity are decisive. The asymptotic behavior in this region depends on whether the parameter z m , defined by Eq. (2.11), is zero or not. For z m > 0, the leading term is given by Eq. (3.14) and the boundary-induced VEV is exponentially suppressed. For z m = 0 the leading term is given by Eq. (3.15) . The decay in this case is again exponential, though relatively weaker. Consequently, for both massive and massless fields the suppression of the boundary-induced VEVs at large distances is exponential. This is in contrast to the case of Minkowskian bulk, where the decay for massless fields has a power-law behavior.
Another important characteristic of the vacuum is the VEV of the energy-momentum tensor. This VEV is diagonal and the expressions for the sphere-induced contributions are given by Eqs. (4.3) and (4.12) for the interior and exterior regions, respectively. Near the sphere, the leading term in the energy density and parallel stresses is given by Eq. (4.7). Once again, this term coincides with the corresponding asymptotic for a spherical shell in flat spacetime. For the leading term in the normal stress one has the expression (4.8) and the corresponding divergence is weaker. The asymptotics at large distances are given by Eqs. (4.13) and (4.15) for the cases z m > 0 and z m = 0, respectively. In both cases the VEVs are suppressed by the factor e −(2zm+D−1)r . At large distances and for non-conformally coupled fields one has | T 1 1 s | ≫ | T 0 0 s |. Again, in contrast to the Minkowskian case, the VEVs are exponentially suppressed for both massive and massless fields. This feature is observed also in the Casimir problems on the background of anti-de Sitter spacetime, which presents another example of a negative curvature space. In de Sitter spacetime, having a positive curvature, the situation is opposite: at large distances from the boundary the local VEVs for both massive and massless fields exhibit a power-law behavior.
We have generalized the results for the VEVs to the backgrounds described by two distinct spherically symmetric metric tensors in the regions separated by a spherical boundary. The geometry of one region affects the properties of the vacuum in the other region leading to the gravitationally induced Casimir effect. We have considered the interior geometry described by the line element (5.1) and the exterior geometry, as before, corresponds to a constant curvature space. In addition, we have assumed the presence of the surface energy-momentum tensor located on the separating boundary. The corresponding jump conditions on the normal derivatives of the metric tensor are obtained from the Israel matching conditions, whereas the BCs on the field operator are obtained from the field equation. In this way, we have shown that the bubbleinduced contributions in the Wightman function and in the VEVs of the field squared and the energy-momentum tensor are obtained from the expressions for the spherical shell with Robin BC by the replacement (5.17) of the coefficient. As an example of the exterior geometry we have considered the case of the Minkowskian bubble. In this case the replacement needed is given by Eq. (5.20) . Note that in the geometry with bubbles the divergences on the boundary are weaker compared with the case of the Robin sphere. We have also considered a bubble with a negative constant curvatures space in the Minkowski bulk. The corresponding expressions for the local characteristics are obtained from the general formulas in Ref. [22] with the notation with tilde defined by Eq. (5.24) .
The generalization of the results given above for the Friedmann-Robertson-Walker cosmological models with a time-dependent scale factor is straightforward in the case of a conformally coupled massless field. This requires the replacement a → a(t) in the expressions for the Wightman function and for the VEVs. In the special case D = 2, the results obtained can be applied to negatively curved graphene structures (for this type of structures see Ref. [6] ), described in the long-wavelength regime by an effective 3-dimensional relativistic field theory. The latter, in addition to the well-known Dirac fermions describing the low-energy excitations of the electronic subsystem, involves scalar and gauge fields originating from the elastic properties and describing disorder phenomena, like the distortions of the graphene lattice and structural defects (see, for example, Ref. [25] and references therein). In this setup, the spherical boundary models the edge of a negatively curved graphene sheet. The boundary condition we have used ensures the zero flux of a scalar field through the boundary. The Casimir effect in graphene-made structures with zero curvature, like cylindrical and toroidal carbon nanotubes, has been recently discussed in Ref. [26] . 
Acknowledgements

A On the eigenvalues inside a sphere
As it has been shown in section 2, the eigenvalues of the quantum number z in the region inside a spherical shell with the BC (2.3) are zeros of the functionP where, for a given function F (u) we have defined the notatioñ 2) and for the interior region δ (j) = 1. From (A.1) we see that for u > 1 the points z = z k are the zeros of the functionp −µ iz−1/2 (u). First of all let us show that these zeros are simple. By taking into account that the function R l (r) = p −µ iz−1/2 (cosh r) is a solution of Eq. (2.9), the following integration formula can be obtained Now let us discuss possible purely imaginary zeros. With fixed u and l, the function P −µ iz−1/2 (u) has no purely imaginary zeros for sufficiently small values of the ratio β = Aa/B. With increasing β, started from some critical value β (1) l (u), a pair of purely imaginary zeros z = ±iη, η > 0, appears. The critical value β l (u) the value of η increases and for the second critical value β = β (2) l (u) the energy of the corresponding mode becomes zero. This corresponds to η = z m . For β > β (2) l (u) the energy of the mode becomes imaginary which signals the instability of the vacuum.
B Summation formula
In this appendix, by making use of the generalized Abel-Plana formula [27] (see also, [28] ), we derive a summation formula for the series over the zeros of the function with respect to z, for given u > 1 and µ 0. In general, the functions A(u) and B(u) can be different from those in Eq. (2.24) . We shall denote the positive zeros, arranged in ascending order, by z k , k = 1, 2, . . ., assuming that they are simple. The summation formula can be obtained in a way similar to that used in Ref. [18] for the special case A(u) = 1 and B(u) = 0 and we shall outline the main steps only (for the summation formula over the zeros of the combination of the associated Legendre functions of the first and second kinds see Ref. [24] ). We substitute in the generalized Abel-Plana formula f (z) = sinh(πz)h(z), Formula (B.4) is also valid for some functions having branch-points on the imaginary axis, for example, in the case of functions of the form h(z) = F (z)/(z 2 + z 2 0 ) 1/2 , with F (z) being an analytic function. Note that, in the physical problem we have considered the branch points correspond to z = ±iz m . Adding the corresponding residue terms in the right-hand side, the formula (B.4) can be generalized for functions h(z) having poles in the right-half plane.
An equivalent expression for T µ (z, u) is obtained by using the relation at these poles and take the principal value of the second integral on the right-hand side. The latter exists due to the condition (B.8). By using the relation (B.6) the term (B.9) can also be written in the form A physical example with purely imaginary modes using this result is discussed in section 2.
